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Abstract
In this paper, we provide a consistent framework to address the notorious difﬁcult decomposition of
the single-photon total angularmomentum (TAM) into a spin (SAM) and an orbital (OAM)
component.We discuss the canonical decomposition into SAMandOAMcomponents, which are the
generators of internal and spatial rotations in the space of physical states.We ﬁnd that those operators
aremutually compatible but unsharp quantumobservables, therefore PositiveOperator-Valued
Measures describe their jointmeasurements.We present another decomposition of the TAM,which
we denote as a non-canonical one. The operators resulting from this decomposition aremutually
incompatible but sharp quantumobservables, thus Projector-ValuedMeasurements. This fact reﬂects
their consistencywith the transversality condition of single-photonwavefunctions, thus explains the
underlying physics from a quantum information theoretic view. Furthermore, we discuss the
implementations on jointmeasurements for both decompositions and provide an explicit calculation
of all these quantities for circularly polarizedGaussian single-photon states. The difference between
the canonical and non-canonicalmomenta leads to observable differences in higher-order statistical
moments.
1. Introduction
Understanding andmanipulating the angularmomentumof single-photons is an important goal ofmodern
physics, due to theoretical, experimental and even technical implications. On the experimental side, the angular
momentumof light has been recently recognized as a novel powerful resource for implementing quantum
information protocols [1–7].Moreover, experiments with light at the single-photon level have historically been
at the forefront of fundamental tests of quantummechanics [7–14].
The problemof introducing a physically unambiguous separation of the total angularmomentum (TAM) of
photons into a spin part (SAM) and an orbital part (OAM) is a controversial and debated subject [15–27] since its
ﬁrst proposal byHumblet in 1943 [28].
The root of this long-standing problem lies in the transversality condition for the electromagnetic ﬁeld and
single-photonwavefunction, that introduces an interdependence between the spatial and internal degrees of
freedom, and hampers the possibility to deﬁne spin and orbital rotations separately.
It is well-known fromboth the ﬁrst-quantization description of the photon [15, 29] and the classical
electromagnetic theory [16, 17, 30, 31] that only the TAM Jˆ of light is a well-deﬁned and physically relevant
quantity, subject to a conservation law stemming from rotational invariance. Jˆ can be separated in two parts Lˆ
and Sˆ that satisfy the commutation relations characterizing the Lie algebra so(3), and are therefore the generators
of orbital and spin rotations respectively. However, Lˆ and Sˆ are both inconsistent with the transversality
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condition, i.e. they do not leave the subspaces of longitudinal and transversal wavefunctions invariant. This fact
leads to difﬁculties in their physical interpretation andmeasurement beyond the paraxial limit.
The problemof providing an alternative decomposition of the TAMwas addressed in the second-
quantization framework and in the paraxial limit byVanEnk andNienhuis [16, 17]. Bliokh et al [20, 21]
continued this discussionwithin the ﬁrst-quantization framework and beyond the paraxial limit. In both cases,
the authors proposed an alternative or non-canonical decomposition = ¢ + ¢ˆ ˆ ˆJ L S of the TAM, inwhich the new
orbital and spin components were consistent with the transversality condition [15, 18], and therefore directly
linked tomeasurable quantities. However, ¢Lˆ and ¢Sˆ do not satisfy the commutation relations of the so(3)
algebra, therefore no longer representing the generators of rotations in spatial and internal degrees of freedom,
respectively. The differences between canonical and non-canonical decompositions are summarized in table 1.
In a recent work [32], we presented a general formalismbased onKraus’s operators [33], that allows to treat
all single-photon observables (including position, spin,momentum andhelicity) in a uniﬁed picture. This
formalismpermits to construct the probability distribution of a generic single-photon observable using Positive
Operator-ValuedMeasure (POVM), a tool of paramount importance in the ﬁelds of quantum information
science and open quantum systems. In particular, we showed how the transversality condition categorizes
single-photon observables in two classes. Observables that are consistent with the transversality condition
(e.g.momentum, energy and helicity) are sharp quantum observables, described by Projector-ValuedMeasures
(PVMs), while observables that are not consistent with the transversality condition are unsharp quantum
observables [34, 35], andﬁnd a natural description in terms of POVMs. The unsharpness of the position
observable was found to increase theHeisenberg uncertainty productΔXΔP.
The purpose of the present work is instead to face the problemof separating the TAM into a SAMandOAM
component, and of consistently describing these quantities in terms of PVMs and POVMs, in a uniﬁed picture
with position, spin,momentum andhelicity.We show that our generalization of Kraus’s treatment allows to
treat both the canonical and the non-canonical decomposition of the TAM in a consistent way, endowing them
with a clear quantum information-theoretical characterization.
In particular, weﬁnd that the canonical OAMand SAM, = +ˆ ˆ ˆJ L S, aremutually compatible but unsharp
quantumobservables, andwe provide the explicit expression for the POVMdescribing their joint
measurements. On the other hand, the non-canonical OAMand SAM, = ¢ + ¢ˆ ˆ ˆJ L S , representmutually
incompatible but sharp quantumobservables, reﬂecting their consistency with the transversality condition for
single-photonwavefunctions. Finally, we give explicit examples for both decompositions.
We show that the difference between the canonical and non-canonical angularmomenta, and in particular
the unsharpness of the canonical ones, does not affect expectation values, but leads tomeasurable differences in
higher-order statisticalmoments, particularly variances. This result can lead to experimental tests
discriminating between the two decompositions.
The paper is organized as follows. In section 2 the properties of the single-photonHilbert space and the
deﬁnition of single-photon observables as POVMs are brieﬂy recalled. In section 3 the TAMobservable is
presented, and its canonical and non-canonical decomposition in anOAMand in a SAMpart are discussed in
detail. The differences between the two decompositions are assessedwith a study ofGaussian states in
section 5.3, and conclusions are drawn in section 6.
2. Single-photon states and observables
In this section, we brieﬂy recall the description of single-photon observables in terms of POVMs given in [32],
that generalizes the treatment of the position observable proposed byKraus [33].
Table 1.This table summarizes themain properties of the two decompositions of the sharp total angularmomentumof a single-photon.
Only different components ¢Sˆi and ¢Lˆj with ¹i j donot commute.
Total angularmomentum (TAM)=SAM+OAM
Canonical Non-canonical
= +ˆ ˆ ˆJ S L  = ¢ + ¢ˆ ˆ ˆJ S L
Generators of spatial and internal rotations Yes =⟶ [ ˆ ˆ ]S L, 0i j No ¢ ¢ ¹⟶ [ ˆ ˆ ]S L, 0i j
Transversality condition satisﬁed No ⟶ POVMs (unsharp observables) Yes ⟶ PVMs (sharp observables)
2
New J. Phys. 21 (2019) 023017 MMotta et al
The quantum-mechanical description of a single-photon in free space takes place in theHilbert space
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where the set ={ ( )}e pi i 1,2,3 denotes the so-called intrinsic frame, i.e. a Cartesian reference frame such that one of
the axes is directed along themomentumdirection, i.e. =( ) ∣ ∣e p
p
p3
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Note thatH deﬁned in equation (1) is isomorphic to   Ä( )∣ ∣, pp2 3 d 23 despite the photon spin is s=1. This
reﬂects thewell-known transversality condition y =( ) ·p p 0, according towhich the longitudinal component
y ( )p3 of y( )p is suppressed [32, 33, 36–38]. Consequently, the degrees ofmomentum and spin get entangled in
a fuddlingway, which leads to the rich physics of photons.
We stress that this result can be derived by only requiring the single-photonHilbert space to carry an
irreducible representation of the Poincaré group uniquely characterized by spin s=1 andmassm=0Casimir
invariants. In particular, themass-shell condition, which also implies the transversality condition, naturally
selectsH as the proper subspace of a spin s= 1 irreducible representation of Poincaré group carrying a positive
deﬁnite inner product (the latter being a necessary ingredient in order to endow the theory of a probabilistic
character) [32].
The deﬁnition of photon properties is a challenging task, epitomized by the case of the position observable,
reviewed here.
In a relativistic setting, one can always construct an irreducible representation of the Poincaré algebra. From
the generators of the Poincaré algebra (the 4-momentum p, the TAM J, and the boost generatorsK ), inm>0
representations one can deﬁne an expression for a triplet of operators x (the position operator) that, together
with the space part p of the 4-momentumhas canonical commutation rules and hence possesses aHeisenberg
algebra. The position operator so constructed is called theNewton–Wigner operator [39, 40].
Formassless representations of particles with spin >s 1
2
, the construction breaks down, sincemassless
particles with spin >s 1
2
do not appropriately describe the helicity observable. For example, photons have spin 1
but no longitudinalmodes. Thismakesmassless particles with spin >s 1
2
not completely localizable [15, 41].
The possibility of deﬁning a position operator for the photon is thus controversial. Similar difﬁculties are
encountered in the deﬁnition of the SAMand angularmomenta operators, as reviewed below. This
circumstance calls for alternativemathematical representations of single-photon properties, free from the
shortcomings of the operator-based approach.
Themain idea behind a neat, uniﬁed treatment of all single-photon observables is to formalize the
suppression of the longitundinal component of thewavefunction through a projection operator
H H p ˆ ( )p :
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is isomorphic to   Ä ( )∣ ∣, pp2 3 d 33 and consists of wavefunctions that differ from those ofH simply by the
presence of a longitudinal component. Physically, the projector (3) can be interpreted as a quantumanalog of the
Helmholtz projection used to decompose the electric andmagnetic ﬁeld into a longitudinal and a transversal
component.
The introduction of theHilbert spaceHA is the key for a uniﬁed treatment of all single-photon observables.
In particular, any observable can be associated to a self-adjoint operator Oˆ deﬁned upon it which remarkably
retains the same structure as in the case of a relativisticmassive spin s=1 particles [33, 36–38], opportunely
adapted to themassless case of photons by the constraint = ∣ ∣p p0 . Thismeans, for example, that
3
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represent themomentum (generator of spatial translations), Newton–Wigner position (related to the generator
of boosts) andTAM (generator of rotations) operators, respectively [42].
Assuming that the system is described by a state fñ∣ , the probability that a generic observable takes values
in ameasurable set is given by the familiar expression
  f fÎ = á ñ( ) ∣ ˆ ( )∣ ( )p E , 6
where ˆ ( )E is the associated PVMoperator.Whenwe consider photons, we need tomove from the extended
Hilbert spaceHA to the physicalHilbert spaceH in order to copewith the transversality condition (1).
Projecting the associated PVM  ˆ ( )E ontoH through the operator pˆ, we obtain
  y yÎ = á ñ( ) ∣ ˆ ( )∣ ( )p F , 7
where Hyñ Î∣ describes the single-photonwavefunction and
          p p p= = W W W =ˆ ( ) ˆ ˆ ( ) ˆ ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )†F E E, with . 8
The resultingmap  ˆ ( )FO is a POVM, awell-known concept and awidely-used tool in quantum
information and open quantum systems theory.We note that POVMoperators, in contrast to PVMones, are
not idempotent, i.e.  ¹ˆ ( ) ˆ ( )F FO O2 . Observables described by POVMs are referred to as unsharp [34,
43–45], since their emergence reﬂects either practical limits in the precision ofmeasurements (inwhich case
POVMs are coarse-grained versions of PVMs) [41, 46] or the inherent impossibility of realizing a preparation in
which the value of an observable is perfectly deﬁned [34, 35, 43]. This statement can bemademore quantitative
by simply showing that



p p p p
p p p p
p
y y y y
y y
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where pf yñ = ñ∣ ˆ ˆ ∣O . Since the operator p- ˆ1 is positive, the variance ( )Varpovm is always larger than the
variance ( )Varpvm that would arise if the POVMoperators were idempotent, i.e. in the case of a PVM. In this
sense, POVMs increase the statistical character of quantumobservables [47]. Aﬁnal remark is worth to bemade
at this point concerning equation (9). It is evident in fact that if
p =[ ˆ ˆ ] ( )O, 0, 10
the second termon its rhs vanishes. In this case we say that the observable is compatiblewith the transversality
condition. Examples of observables which are compatible with the transversality condition (and thus sharp) are
momentum and helicity, while examples of observables which are incompatible with equation (10) (and thus
unsharp) are position and spin [32].
The incompatibility with the transversality condition has led to the introduction of opportunelymodiﬁed
position [48] and spin [16, 17, 20] operators. It is quite straightforward to show that suchmodiﬁed operators
correspond to the projected version, through pˆ, of the familiar operators deﬁned in equation (5). Suchmodiﬁed
operators become compatible by constructionwith equation (10) but lose their relationwith the generators of
boosts and rotations, respectively.
Moreover, if ˆ ( )FO is idempotent, then
 p =[ ˆ ( ) ˆ ] ( )E , 0 11O
for all and thus equation (10) holds. Indeed, one canwrite
    p p p p p p p p= + + +^ ^ ^ ^ˆ ( ) ˆ ˆ ( ) ˆ ˆ ˆ ( ) ˆ ˆ ˆ ( ) ˆ ˆ ˆ ( ) ˆ ( )F E E E E , 12O O O O O
with p p= -^ˆ ˆ1 . The idempotence of ˆ ( )FO implies p p =^ˆ ˆ ( ) ˆE 0O , and thus  p =[ ˆ ( ) ˆ ]E , 0O .
It isﬁnally worth remarking that theremay exist speciﬁc states H* y ñ Î∣ such that themean value
* *py yá ñ =∣[ ˆ ˆ ]∣O, 0, even though equation (10) is not satisﬁed. This is a general property of uncertainty
relations in Robertson form [49] and can be circumvent by transforming uncertainty relations to entropic ones
[50, 51]. If a single-photon is prepared in such state, the extra variance in (9) disappears despite being unsharp.
In the sections 3 and 4, wewill showhow this ﬁnal subtle point can be related to the behavior of the canonical
and non-canonical decompositions of the TAM in the paraxial limit.Wewill now see how this formalism,when
applied to single photon angularmomentum, provides the two decompositions with a novel and uniﬁed
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interpretation in a quantum information perspective and allows to evaluate the corresponding probability
distributions according to equation (8).
3. Canonical decomposition of the TAM
TheTAM Jˆz is notoriously a uniquely-deﬁned, sharp quantumobservable. Indeed, as proved in equation (A11)
of the appendix, the operator Jˆz commutes with the projector pˆ. Analogous observations hold for the
observables Jˆx and Jˆy , and thus p =[ ˆ ˆ ]J, 02 . This circumstance implies the possibility toﬁnd, with usual
methods, joint eigenfunctions of Jˆz , Jˆ
2, pˆ,
 y y y y py yp= = + =p p p p p pˆ ( ˆ ) ( ˆ ) ˆ ( ˆ ) ( ) ( ˆ ) ˆ ( ˆ ) ( ˆ ) ( )J m J j jp p p p p p, 1 , , 13z jm j jm jm jm jm jm2j j j j j j
where =ˆ ∣ ∣p
p
p
and j 0, = -m j j...j ,π=0, 1. In addition to that, one can construct the PVMassociated to
the jointmeasurement of, say, Jˆz and Jˆ
2, starting from the generators
*òy y y y= p p( ˆ ( ) )( ) ( ˆ ) ˆ ( ˆ ) · ( ) ( )E j m p p p p p, d . 14J J j jm jm, z j j2
Themore challenging tasks of decomposing the TAM into a SAMandOAM, and constructing POVMs
describing the jointmeasurement of such quantities, require amore elaborate formalization, whichwe present
in this section.
Since themain focus of the present work is on the angularmomentum, it is essential to remind thatH hosts
the following irreducible representation of the roto-translation group (the semi-direct product of so(3) and of
the translation group)
y y= - -ˆ ( ) ( ) ( ) ( )·U R R Ra p p, e , 15a p 1i
whereRäSO(3) is a rotationmatrix and Îa 3 a translation vector. This representation is consistently
maintained also on the extendedHilbert spaceH.
The spin s=1 of the photon has a deep consequence on the connection between spin and rotations (and
thus between internal and conﬁgurational degrees of freedom), which is compressed in the following key
relation
= j-ˆ ˆ ( )† ·ˆR V Ve , 16n Si
where Sˆ are the generators of the SO(3) vector rotations [52] and Vˆ is an appropriate unitarymatrix. Thematrix
Vˆ has also the remarkable role to show the equivalence between the condition of transversality(1) and that of
non-zero helicity, which is also known to characterize single-photonwavefunctions [32]. In fact a
straightforward calculation shows that the eigenfunctions of the helicity operator


=ˆ ˆ ·
∣ ∣
( )S p
p
1
17
with eigenvalue 0 and±1 are given by ˆ ( )V e p3 and = ˆ ˜ ( ) ˆ ( ) ( )V p Ve p pe ei21 2 respectively. The suppression of the
longitudinal component is therefore unitarily equivalent to the suppression of zero-helicity eigenstates.
It is important now to notice that any choice of a particular representation of these generators such that the
su(2) algebra is satisﬁed (i.e. =[ ˆ ˆ ] ˆS S S,i j ijk k) uniquely determines thematrix Vˆ according to (16). Equivalently
said, (16) uniquelyﬁxes the couple (ˆ ˆ )VS, . As an example, if we choose the spinmatrices to be of the form
  = =
-
- =
-
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then Vˆ is equal to
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. 19
Note that thematrix Vˆ describes the transition from linear to circular polarizations in the intrinsic frame.
Alternatively, we can choose =Vˆ , this wayﬁxing the three relevant spinmatrices to have the following
representation
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that constitute the anti-symmetric subset of the su(3)Gell-Mannmatrices. This obviously has to be the case,
because only in this case f ·ˆe n Si becomes real and, consequently, can be identiﬁedwith the rotationmatrixR in
the real space.
As discussed in the previous section, the generator of rotations, i.e. the single-photon TAM, can be
canonically decomposed onH via
= + = + ¶ ´ =ˆ ( ) (ˆ ˆ ) ( ) ˆ ( ) ( ) ( ) ( )J S kf p S L f p f p p f pi 1, 2, 3. 21k k k kp
TheOAM Lˆ and SAM Sˆ involved in the canonical decomposition obey the familiar commutation relations
  å å= = =
= =
[ ˆ ˆ ] ˆ [ ˆ ˆ ] ˆ [ ˆ ˆ ] ( )S S S L L L S L, i , , i , , 0, 22i j
k
ijk k i j
k
ijk k i j
1
3
1
3
characterizing the Lie algebra so(3) of the rotation group SO(3), thus allowing to regard them as the generators of
internal and spatial rotations, respectively.
In the light of(5), we can also consistently express the canonical OAM in terms of theNewton–Wigner
position operator as
= ´ˆ ˆ ˆ ( )L X P. 23NW
The calculation of the commutators p[ ˆ ˆ ˆ ]†S V V,k , p[ ˆ ˆ ˆ ]†L V V,k , showing the unsharpness of the corresponding
observables, is given in appendix A.
The canonical OAMand SAMare therefore inconsistent with the transversality condition, except in the
paraxial limit, where thewavefunction y( )p is concentrated around a certain value p0. Tomake this statement
quantitative, let us consider a family of wavefunctions Hy = Î( ) ( ) ( )fp u p pa a such that =· ( )p u p 0 (to
complywith the transversality condition), such that = ( )u p 12 and d= - ∣ ( )∣ ∣ ∣ ( )f p p p plima a0 2 2 0 0 . For
the observable ˆ ·S n, the extra variance corresponding to the second termof(10) reads
*
*
òp p p p
p p
f f
f f
á - ñ= -
á - ñ= -

∣ ˆ ˆ ∣
∣ ∣
∣ ( )∣ (ˆ · ˆ ( ) ( )) ( ˆ ( ) ˆ )(ˆ · ˆ ( ) ( ))
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† †
† †
V V f V V V V
V V V V V V
p
p
p S n p u p p S n p u p
S n u p p S n u p
1
d
1
lim 1 1 24
a a a
a
a a
3
2 2
0
0 0 0
so that, if ˆ ( )Vu p0 is an eigenfunction of ˆ ·S n with eigenvalue±1,
pf fá - ñ =

∣ ˆ ˆ ∣ ( )†V Vlim 1 0. 25
a
a a
0
An identical observation characterizes the canonical OAM in the paraxial limit.
Finally, let us remark that the TAMdeﬁned in (21), despite being given by the sumof two unsharp
observables, is a sharp observable consistent with the transversality condition (10) (the proof of this fact can be
found in appendix A). Therefore, its statistics is described in terms of a PVM.An example is provided in
section 5.1.
We note that the term ‘canonical’, as applied to the SAMandOAM, can have differentmeanings, depending
on the context. Inﬁeld-theory, the canonical SAMandTAMdensities are described by the canonical angular
momentum tensor [26]. This results in the SAMdensity ´E A, with E and A denoting the electricﬁeld and
vector-potential. Then, the second-quantization of these canonical (in theﬁeld-theory sense) quantities results
in the non-canonical (in the quantum-mechanical sense) operators derived by van Enk andNienhuis [16, 17].
Hence, the use of the term canonical reﬂects the relationship between the decomposition and the canonical
angularmomentum tensor.
4.Non-canonical decomposition of the TAM
As stressed before, the operators Lˆk and Sˆk which stem from the canonical decomposition of the TAMare not
compatible with the transversality (or equivalently with the non-zero helicity) condition, whichmeans that their
action on a transverse wavefunction (i.e. a physical singe photon state) results in a non-vanishing longitudinal
component [15–17, 20]. This fact has led to introduce an alternative decomposition of the TAM in such away
that the two resulting components would be consistent with the transversality condition, therefore becoming
direct observables on the physical single-photonHilbert spaceH , but no longer representing the generators of
rotations and translations [20, 53, 54].
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We recall here this non-canonical decomposition, ﬁrst introduced in [20], and endow it with a clear
interpretation in a quantum information theoretical perspective.Making use of the identity
´ ´ = -( ( ˆ)) ( · ˆ) ∣ ∣ ˆ ( )p Sp p S p S p , 26k k k2
wehave that = ¢ + ¢ˆ ˆ ˆJ L Sk k k , where
¢ = =⎛⎝⎜
⎞
⎠⎟
ˆ
∣ ∣ ∣ ∣
· ˆ
∣ ∣
ˆ ( )S p p
p
p
p
S
p
27k
k k
and
¢ = - ´ ´ˆ ˆ ( ( ˆ))
∣ ∣
( )L L p p S
p
. 28k k
k
2
In equation (27) ˆ denotes the helicity operator deﬁned in equation (17).
We note that the non-canonical OAM (28) is the vector product between the covariant position operator
(derivative in themomentum space) and themomentumoperator, well-known in theory of Berry phase
[10, 20]. This covariant derivative in themomentum space stems exactly from the transversality constraint.
Since the operator ¢ˆS satisﬁes the transversality condition(10), also ¢Lˆ has to have a vanishing commutation
relationwith the projection onto the physicalHilbert space, i.e.
p p p¢ = - ¢ =[ ˆ ˆ ˆ ˆ ] [ ˆ ˆ ˆ ˆ ] [ ˆ ˆ ˆ ˆ ] ( )† † †V L V V J V V S V, , , 0. 29k k k
Both ¢Sˆk and ¢Lˆk therefore classify as sharp observables [34, 45] and their probability distributions are simply
obtained as themean values of the associated family of PVMs.
The non-canonical decompositon in equations (27)–(28) has several remarkable differences with respect to
the canonical one. First of all, the components of the SAMoperator ¢Sˆk commutewith each other, while the
components of theOAMoperator ¢Lˆk do not commutewith each other for different indices k. Thus the rotation
and translation degrees of freedoms are no longer treated on equal footing.Moreover, the SAMandOAM
operators ¢Sˆk and ¢Lˆk do not commutewith each other, thus beingmutually incompatible quantumobservables
[20], in strong contrast to the canonical decomposition into SAMandOAM.The explicit expressions of the
commutators ¢ ¢[ ˆ ˆ ]L S,i j , ¢ ¢[ ˆ ˆ ]L L,i j are given in appendix B.
It isﬁnally important to point out that, despite the decomposition of the TAM into a SAMand anOAMpart
is highly not unique and further different decompositions could be taken into account, we have analyzed the two
most relevant from the physical point of view. The canonical decomposition of the TAM is in fact dictated by the
additional constraint that the resultingOAMand SAMrepresent the correct generators of spatial and internal
rotations. The non-canonical decomposition is insteadﬁxed by the constraint that both components are
compatible with the transversality condition, i.e. for equation (10) to be satisﬁed, which for the SAMpartmeans
that the eigenspace relative to the eigenvalue 0 coincides with that of helicity.
5. Implications onto observables
We illustrate the two different decompositions nowby two explicit physical examples, i.e. for photonswith a
ﬁxed spatial direction and for Gaussian states with deﬁnite circular polarization. Inwhat follows, wewill focus
on the physically relevant examples of the angularmomentum components Sˆz , Lˆz , ¢Sˆz , ¢Lˆz . Formally analogous
calculations give access to other important PVMs and POVMs, like those associatedwith the jointmeasurement
of ˆ ˆ ˆJ J L, ,z 2 2 or ˆ ˆ ˆS L L, ,z z 2.
5.1. Joint POVMof the canonical SAMandOAMalong aﬁxed spatial direction
Wehave shown that both the SAMandOAMare unsharp observables for which a PVMconsistent with the
transversality condition cannot be given (see also equation (A11) of appendix A for details). In the present
sectionwe explicitly derive the joint probability distribution andmarginals of the single-photonOAMand SAM
along a generic spatial axis. This is achieved through the concrete construction of the join POVMs of such
observables, according to the procedure outlined in [32] and in the previous section. In the following calculation
we consider, without any loss of generality, the SAMandOAMalong the z-axis of a suitable Cartesian frame in
real space.Wemake use of spherical coordinates (p, θ,f) relative to the z-axis inmomentum space, denoting
through ={ }es s 13 the canonical basis of 3.
On the extendedHilbert spaceH, the joint eigenfunctions of the compatible observables Lˆz and Sˆz have
the familiar form
7
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 q p= = =
f
( ) ( ) ˆ ˆ ( )f p L m S mu p u u u u, e
2
e , , , 30m m
m
s z m m m m z m m s m m,
i
, , , ,s s s s s
wherems=2− s, and f (p, θ) is a square-integrable function of the variables p, θ ensuring the proper
normalization of (30)
ò ò q q q =p¥ ( ) ∣ ( )∣ ( )p p f pd d cos , 1. 31
0 0
2
The joint PVMof Lˆz and Sˆz is then given by
*òp f p q f= ¢ ¢
f p f- ¢
( ) ( ˆ ( ) )( ) · ( ) ( )m m E m m pf p f, , e
2
e d
e
2
e , , . 32s L S s
m
s
m
s,
i
0
2 i
z z
The correspondent POVMon the physical single-photonHilbert spaceH is therefore obtained by the
application of equation (8) and reads
*òy p yp f p q f= ¢ ¢
f p f- ¢
 ⎛⎝⎜
⎞
⎠⎟( ) (
ˆ ( ) )( ) ( ) ˆ · ˆ ( ) ( )†m m F m m V e e V pp p, , e
2
d
e
2
, , . 33s L S s
m
s
m
s
i
0
2 i
z z
The joint probability distribution of such observables is readily obtained using equation (7)
*ò ò ò yq q f p q f= ¢ ¢
p p f¥ - ¢
( ) · ˆ ( ) ( )p m m p p e V p, d d sin d e
2
, , . 34L S s
m
s,
0 0 0
2 i 2
z z
Themarginals of (34) read
ò ò ò yq q f p q f= ¢ ¢
p p f¥ -
( ) ( ) ( )p m p p pd d sin d e
2
, , 35L
m
0 0 0
2 i 2
z
and
*ò ò ò yq q f q f= ¢ ¢p p¥( ) ∣ · ˆ ( )∣ ( )p m p p e V pd d sin d , , . 36S s s
0 0 0
2
2
z
5.2. PVMsof the non-canonical SAMandOAMalong aﬁxed spatial direction
As another example of the versatility and generality of the formalism outlined above, and for conformity with
section 5.1, we explicitly derive the joint probability distribution of the non-canonical SAMandOAMoperators
along a ﬁxed spatial axis, which againwe consider to be the z-axis. Let us begin by reminding that the vectors
ˆ ˜ ( )V e p , with = ˜ ( ) ˜ ( ) ˜ ( )e p e p e pi21 2 , are the eigenvectors of the helicity operator ˆ relative to the eigenvalues±1,
and depend on p only through the angles θ,f. Therefore, the joint generalized eigenfunctions of helicity and ¢Sˆz
are the following elements ofHA:
f d q= Ä ( ) ( ) ( ( ) ) ˆ ˜ ( ) ( )f p s Vu p e p, cos , 37s1, 00
where s0ä [−1, 1] and f (p,f) is a properly normalized function. It is clear from equation (37) that
¢ = =    ˆ ( ) ( ) ˆ ( ) ( ) ( ) ( )S su p u p u p u p, 1 . 38z s s s s1, 0 1, 1,0 0 0 0
Notice that q =( ) scos 0 and +˜ ( )e p lead to ¢ =Sˆ sz 0, as well as q = -( ) scos 0 and -˜ ( )e p . As a consequence, the
event ¢ ÎSˆz , where is a Borel subset of [−1, 1], happens if and only if q Î +( )cos and ò=1 or
q Î -( )cos and ò=−1, the sets being:
 q q=  Î { ( ) } ( ): cos . 39
The probability that ¢ ÎSˆz then clearly reads:
* *
 ò ò ò òf q q q q¢ Î = +
p¥
+ -
+ -
⎛
⎝⎜
⎞
⎠⎟( ˆ ) ( ) ∣ ˆ ˜ ( ) · ( )∣ ( ) ∣ ˆ ˜ ( ) · ( )∣ ( )p S p p V Ve p f p e p f pd d d sin d sin , 40z 0 0
2
2 2
where HÎf A. The probability can bewritten as the average
   ¢ Î = á ñ + á - ñ¢ ¢( ˆ ) ∣ ˆ ( )∣ ∣ ˆ ( )∣ ( )p S E Ef f f f, 1 , 1 41z S S, ,z z
over f of the projector   + -¢ ¢ˆ ( ) ˆ ( )E E, 1 , 1S S, ,z z . In the light of (41), the joint PVMassociated to ¢Sˆz and
helicity onHA is
*   q  =¢  ( ) ( ˆ ( ) )( ) ( ) ˆ ˜ ( )( ˆ ˜ ( ) · ( )) ( )E V Vf p e p e p f p, 1 , 1 1 42S ,z
and the PVMassociated to ¢Sˆz is themarginal of (42) over the helicity degrees of freedom.
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The projection (8) of the PVM (48) onto the physicalHilbert spaceH
*  åy yq=¢
=
 ( ˆ ( ) )( ) ( ) ˜ ( )(˜ ( ) · ( )) ( )F p e p e p p1 43S
s
s s,
1
z s
preserves the idempotence property which characterizes a PVM, i.e.,   =¢ ¢ˆ ( ) ˆ ( )F FS S,2 ,z z , and therefore the
probability distribution of ¢Sˆz reads:
*
ò ò òå yq q f=
p
¢
=
( ) ( ) ∣˜ ( ) · ( )∣ ( )p p p e p pd d sin d . 44S
s
s
1 0
2
2
z
s
We remark that sinceH is left invariant by the projector p, (43) is a PVM: the SAM relative to the non-
canonical decomposition(27), (28) is thus a sharp quantum observable.Moreover, unlike its counterpart in the
canonical decomposition, it can take all possible values inside the interval [−1, 1] [21].
Let us now consider theOAM ¢Lˆz . Its action onto a function HÎ( )f p A reads:
 q f q f¢ = - ¶ + = - ´ ´f( ˆ )( ) ( ) ( ) ( ) ( ) ∣ ∣ ( ( )) ( )L H Hf p f p f p p p p Si , , ,
1
. 45z z2
On the extendedHilbert spaceHA, the generalized eigenfunctions of ¢Lˆz are readily worked out starting
from(45), details are reported in the appendix C. They read
d q q f= -( ) (∣ ∣) ( ( ) ) ( ) ( )f su p p vcos , , 46n j n j, 0 ,
where s0ä [−1, 1], (∣ ∣)f p is a properly normalized function, q f( )v ,n j, is detailed in appendix C
and ¢ = +ˆ ( ) ( ) ( )L j s nu p u pz n j n j, 0 , .
The choice j=0 leads to unphysical eigenfunctions such that p =ˆ ˆ ( )†V u p 0n,0 (i.e. ˆ ( )†V u pn,0 is a
longitudinal function). On the other hand, the choices j=±1 produce eigenfunctions such that
p =ˆ ˆ ( ) ( )†V u p u pn n,0 ,0 , i.e. HÎˆ ( )†V u pn,0 . In the light of these observations, the PVMassociated to theOAM
observable onHA is:
*  

òå å q q f f q f q f= p¢ = Î ( ˆ ( ) )( ) ( ) ( ) ( ( ) · (∣ ∣ )) ( )E f p v v f p1 , d , , , , 47L j n n j n j1 , 0
2
,z n j,
where is a Borel subset of  andn j, is the set of angles θ such that q + Î( )j ncos . The corresponding
POVMonH reads
*  

òå åy yq q f f q f q f= p¢ = Î ( ˆ ( ) )( ) ( ) ˆ ( ) ( ( ) · ˆ (∣ ∣ )) ( )
†F V Vp v v p1 , d , , , 48L
j n
n j n j
1
,
0
2
,z n j,
and the probability distribution of ¢Lˆz is
*

ò ò òå å yq q f q f q f= p¢ = Î
¥
( ) ( ) ( ( ) · ˆ (∣ ∣ )) ( )p p p Vv pd d sin d , , , . 49L
j n
n j
1 0 0
2
,
2
z
n j,
As in the case of the SAMobservable, sinceH is left unchanged by the projectors(47),(48) is a PVM.
5.3. Application toGaussian states
For illustration, we show a direct application of the above formalismby explicitly calculating the ﬁrst two
cumulants (mean value and variance) of the probability distributions for both the canonical and the non-
canonical SAMandOAMover circularly polarizedGaussian single-photons, i.e. wavefunctions Hy Î( )p
of the form
y p= Ä
-
+
-
( ) ∣ ∣
( )
˜ ( ) ( )
∣ ∣
ap
p p p
e
4
e , 50
0
2
ap
p p0
2
8 0
2
3
4
where = pp ez0 0 and
= D( ) ( )a p
p2
51
2
0
2
denoting a positive, dimensionless parameter which takes into account the spread of thewavefunction in
momentum space.We stress that, while any of the three components x, y, z of these operators can be in principle
evaluated, wewill show the result for the z-component of the observables ¢L S L, , and ¢S , i.e. the one parallel to
the chosen p0.
Remarkably, themean values of the two decompositions of the TAMare equal to each other on this
particular state, plotted also inﬁgure 1(a),
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á ñ = á ¢ñ = - á ñ = á ¢ñ =( ) ( ) ( )L L f a S S f a1 , , 52z z z z
where
pº - +
-⎛
⎝⎜
⎞
⎠⎟( ) ( ) ( )f a a a
a
1 2 erf
1
2
2 e
. 53
a
1
4
This shows that, for this particular class of single-photon states, there is no quantitative difference between
the two decompositions of the TAMat the level of themean value.Moreover, the values of spin andmomentum
equal for =a 1
2
corresponding toΔp=p0, in this case both contributions to the TAMaremaximal uncertain.
For the paraxial limit a→0+ themean value of the TAM is dominated by the spin part, whereas for increasing a
themean value of the TAM is basically the angularmomentum, showing the dominant physical behavior for
high and low energetic photons (forﬁxedΔp), respectively.
The departure of the two decompositions is insteadwitnessed at the level of the respective variances, shown
inﬁgure 1(b), which contains all the crucial information about their statistical character. In accordancewith all
the formal construction outlined above, the unsharpness of the canonical OAMand SAMbrought by the
introduction of the POVMs is in fact reﬂected in a larger value of the variancewith respect to the (sharp)non-
canonical decomposition for every value of the parameter a. One can ﬁnally notice that, in the paraxial limit
a→0+, the two groups of variances correctly vanish, as thewavefunction is by construction perfectly deﬁned in
themomentum space.
6. Conclusions
Wehave studied in detail two different separations of the single-photon angularmomentum into a spin and an
orbital part, relying on the generalization [32] of Kraus’ construction of the position observable. The canonical
decomposition of the TAM into the SAMand theOAMare both compatible observables, however, have to be
described by POVMsdue to their incompatibility with the transversality condition. The non-canonical
decomposition of the TAMproposed ﬁrstly by van Enk andNienhuis [16, 17] guarantees the compatibility with
the transversality condition by paying the prize that the spatial and internal spin degrees of freedom get coupled.
Thanks to our uniﬁed and general framework for dealingwith generic single-photon observables, we could
deduce the formof the non-canonical OAMand SAMas PVMs. This proves how the transversality condition
categorizes into principally unsharp or sharp observables.
Last but not least we have quantitatively shown the difference between the two above-mentioned
decompositions of the TAMby calculating the ﬁrst two cumulants (mean values and variances) on circularly
polarizedGaussian states. The results allowed to clearly emphasize the unsharp character of the canonical OAM
and SAM, in contrast with the sharpness of the non-canonical OAMand SAM, as is reﬂected by their larger
variances.Moreover, it shows that independently of the decomposition polarization becomes awell-deﬁned
property for low energetic photons since themean z-component becomes small.
This work could pave theway for a new uniﬁed theoretical framework to describemany-photon states
drawing upon the resources ofmodern axiomatics of quantummechanics and quantum information science.
It is important to connect the proposed description of single-photon properties with observable effects that
can bemeasured in experiments. In this workwe showed that the difference between the canonical and non-
canonical angularmomenta, and in particular the unsharpness of the non-canonical ones, while not affecting
Figure 1.Dependence of theﬁrst two cumulants of the two decompositions of the TAM (canonical and non-canonical)with respect
to the parameter = D( )a p
p2
2
0
2 that quantiﬁes the spread of thewavefunction in themomentum space. (a)Plots of themean values of the
z−components of ¢L S L, , and ¢S ; (b) plots of the respective variances.
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expectation values, leads to observable differences in variances, and higher-order statisticalmoments. This result
can lead to experimental tests discriminating between the two decompositions based on the evaluation of SAM
andTAMvariances.
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AppendixA. Commutation relations for the canonical SAMandOAM
In this appendixwe derive the commutation relations for the canonical and non-canonical decompositions of
the TAM. In the last part, we derive in detail the eigenfunctions of ¢Lˆz .
We start by computing the commutators between SAMandOAMoperators, then derive the TAMones
through the canonical decomposition; to show that their incompatibility with the transversality condition
traduces in a violation of equation (10), i.e., in a non-vanishing commutator with the projector pˆ.
Denoting with Aˆk the generators of the so(3) algebra, i.e., the three anti-symmetricmatrices =( )Ak ml kml,
by virtue of equation (16)wehave that
=ˆ ˆ ˆ ˆ ( )†V S V Ai . A1k k
Then p p=[ ˆ ˆ ˆ ˆ ] [ ˆ ˆ ]†V S V A, i ,k k . Now, since
å åpy p y y
y y
d= = -
= -
⎛
⎝⎜
⎞
⎠⎟(
ˆ ˆ ) ( ) ( ˆ ) ˆ ( ) ( )
∣ ∣
( )
( ˆ ( )) · ( ) (
ˆ )
∣ ∣
( )
A A
p p
A
A
p p p
p
p
p p p
p
p
A2
k l
mr
k lm mr r
mr
klm mr
m r
r
k l
k l
2
2
and
å åp y p y y
y y
d= = -
= - ´
⎛
⎝⎜
⎞
⎠⎟( ˆ
ˆ ) ( ) ˆ ( ) ( ˆ ) ( )
∣ ∣
( )
( ˆ ( )) ( ( ))
∣ ∣
( )
A A
p p
A p
p p p
p
p
p
p p
p
. A3
k l
mr
lm k mr r
mr
lm
l m
kmr r
k l
k
l
2
2
It is immediately found that
p y y y= ´ -([ ˆ ˆ ] ) ( ) ( ( ))
∣ ∣
( ˆ )
∣ ∣
· ( ) ( )A p Ap p p
p
p
p
p p, , A4k l
k
l
k l
2 2
which implies
p y y y= ´ -⎛⎝⎜
⎞
⎠⎟[
ˆ ˆ ˆ ˆ ] ( ) ( ( ))
∣ ∣
· ( )
ˆ
∣ ∣
( )†V S V Ap p p
p
p p p
p
p
, i . A5k
k k
2 2
To retrieve the second of equation (A11), itmust be observed that
åy y y= - ¶ ´ =( ˆ ˆ ˆ ) ( ) ˆ ( ) ˆ ( ) ( ˆ ) ( ) ( )† †V L V V V Lp p p pi , A6k l
mr
lm k mr r k lp
recalling the unitarity of Vˆ .Moreover, since

 

å
å å
å
py p y
p y p y
p y p y
= - ¶ ´
= - ¶ ´ + - ¶ ´
= - ¶ ´ +
( ˆ ˆ ) ( ) ( ) ( ˆ ( ) ( ))
( ) ( ˆ ( )) ( ) ˆ ( )( ) ( ( ))
( ) ( ˆ ( )) ( ) ( ˆ ˆ ) ( ) ( )
L
L
p p p p
p p p p p p
p p p p
i
i i
i , A7
k l
r
k lr r
r
k lr r
r
lr k r
r
k lr r k l
p
p p
p
one has
åp y p y= - ¶ ´([ ˆ ˆ ] ) ( ) ( ) ( ˆ ( )) ( ) ( )L p p p p, i , A8k l
r
k lr rp
11
New J. Phys. 21 (2019) 023017 MMotta et al
and since


 
 



å
å
å å
p d
d d
- ¶ ´ =- ¶ +
= + -
= +
= +
⎛
⎝⎜
⎞
⎠⎟( ) ( ˆ ( )) ∣ ∣
( )∣ ∣
∣ ∣
∣ ∣
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s
the result
p y y y= - ´
⎛
⎝⎜
⎞
⎠⎟[
ˆ ˆ ] ( ) · ( )
ˆ
∣ ∣
( ( ))
∣ ∣
( )L Ap p p p
p
p p
p
p, i A10k
k l k
2 2
immediately follows.
To summarize, the commutators of the SAMandOAMwith the projection onto the physicalHilbert space
do not vanish and are equal and opposite to each other:
p = ´ -⎛⎝⎜
⎞
⎠⎟[
ˆ ˆ ˆ ˆ ] ( ) ( ( ))
∣ ∣
· ( )
∣ ∣
( )†V S V Af p p f p
p
p p f p
p
p
, i , A11k
k k
2 2
p p= -[ ˆ ˆ ˆ ˆ ] ( ) [ ˆ ˆ ˆ ˆ ] ( ) ( )† †V L V V S Vf p f p, , . A12k k
An immediate consequence of the last result is that the commutator of the TAM, = +ˆ ˆ ˆJ L Sk k k, with the
projector pˆ ˆ ˆ †V V is zero and thuswe retrieve the result that the TAM is a sharp observable for single-photons, i.e.
is consistent with the transversality condition and thus is described in terms of a PVM.
Appendix B. Commutation relations for the non-canonical SAMandOAM
Wenowprove that ¢ ¢ ¹[ ˆ ˆ ]S L, 0i j , and ¢ ¢ ¹[ ˆ ˆ ]L L, 0i j . To prove the ﬁrst property, it is sufﬁcient towrite
å¢ = ¢ = + - ¢ˆ ∣ ∣ ˆ ˆ ˆ ˆ ˆ ( )S
p p
S L L S S
p
, , B1k
l
k l
l k k k k2
whence
å å å å¢ ¢ = + - ¢ ¢ = +⎡⎣⎢
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The second termof the sum (B2) can be easily worked out recalling the commutation properties of Pauli
matrices,
 å å= = ´⎛⎝⎜
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⎠⎟∣ ∣ [
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∣ ∣
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∣ ∣ ∣ ∣
ˆ ( )
p p
S S
p p
S
p
p p p
p
p
S, i i , B3
l
j l
i l
lr
j l
ilr r
j
2 2
i
while theﬁrst term reads
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∣ ∣
· ˆ
∣ ∣ ∣ ∣ ∣ ∣
ˆ ( )L
p p
S
p p
p p
p S
p p
p
p
S, i i . B4
l
i
j l
l
k
ijk
k
j
2
i
In conclusion,
   å¢ ¢ = ´ - ´ -⎛⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟[
ˆ ˆ ]
∣ ∣ ∣ ∣
ˆ
∣ ∣ ∣ ∣
ˆ
∣ ∣
· ˆ
∣ ∣
( )L S
p p p
p
p
p
S
p
p
p
S
p
p S
p
, i i i . B5i j
j
i
i
j k
ijk
k
Equation (B5) also shows that the components of theOAMoperator ¢Lˆk do not commutewith each other,
¢ ¢ = ¢ ¢ - ¢ ¢ - ¢ ¢ ¹[ ˆ ˆ ] [ ˆ ˆ ] [ ˆ ˆ ] [ ˆ ˆ ] ( )L L J J S L L S, , , , 0. B6i j i j i j i j
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AppendixC. Eigenfunctions of ^¢Lz
The action of ¢Lˆz onto a function HÎ( )f p A reads
 q f¢ = - ¶ +f( ˆ )( ) ( ) ( ) ( ) ( )L Hf p f p f pi , , C1z
where the 3×3matrixH(θ,f) reads
q f
q q q
q q q q
q q q
= - ´ ´ =
-
f
f f
f
-
-
⎛
⎝
⎜⎜⎜⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟⎟⎟⎟
( ) ( ( ))
∣ ∣
( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )
( )H Sp p
p
,
sin
e sin cos
2
0
e sin cos
2
0
e sin cos
2
0
e sin cos
2
sin
. C2z
2
2
i
i i
i
2
The eigenvalues ofH(θ,f) are l q= ( )s sins , s=0,±1, remarkably independent off; the corresponding
eigenvectors are the following periodic functions q f( )v ,s off, with period 2π,
q f
q q q
q q=
- + -
-
f
f
-
-
⎛
⎝
⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟
( )
( )( ( ) ( ) )
( ( ) ( ))
( )v ,
1
2
e sec 4 sin cos 2 3
2 e sec tan
1
C31
2i 2
i
q f q=
-
-
f
f
-
-
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟( ) ( ) ( )v ,
e
2 e tan
1
C4
i
i0
2
q f
q q q
q q=
- - + -
- +
f
f-
-
-
⎛
⎝
⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟
( )
( )( ( ) ( ) )
( ( ) ( ))
( )v ,
1
2
e sec 4 sin cos 2 3
2 e tan sec
1
. C51
2i 2
i
For all θ, the eigenfunctions of ¢Lˆz must have the form
åq f a q f q f=
= 
( ) ( ) ( ) ( )v v, , , C6
s
s s
0, 1
of linear combinations of the vectors q f( )v ,s with coefﬁcientsαs(θ,f) that are periodic functions off, with
period 2π. Inserting (C6) in the eigenvalue equation for (C1)we are led to the following eigenvalue equation
 a q f q a q f q a q f a q f a q f
a q f
a q f
a q f
- ¶ - + L = =f
-⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
( )
( )
( )G mi , i , , , , ,
,
,
,
, C7
1
0
1
whereΛ(θ)rs=λs(θ) δrs,
*q q f q f
q q
q q
q q
= ¶ =
- +
-
-
f
⎛
⎝
⎜⎜⎜⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟⎟⎟⎟
( ) ( ) ( )
( ( ) ) ( )
( ) ( )
( ) ( ( ) )
( )G v v, ,
i sin 1
icos
2
0
icos
2
i
icos
2
0
icos
2
i sin 1
C8rs r s
and the eigenvaluemwill be determined in a short while. Since thematrixM(θ)=−iG(θ)+Λ(θ), is
independent off, weﬁnd
a q f q= q f m q f- +( ) ( ) ( )( ) ( ( ) ) m, e e , C9M n ji i j
where q q m q q=( ) ( ) ( ) ( )M m mj j j has eigenvalues m q q= +( ) ( )j1 cosj and eigenvectors q( )mj explicitly
given by
q q q= - =
-
=-
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟( ) ( ) ( ) ( )m m m
1
2
1
,
1
0
1
,
1
2
1
. C101 0 1
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Combining these results, we obtain the eigenfunctions of the non-canonical OAM ¢Lˆz
åq f q f= f-( ) ( ) ( ) ( )v m v, e , C11n j
s
n
j s s,
i
relative to the eigenvaluesμj(θ)+n.
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